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, ■ Abstract 



Using tlie solitonic solution generating techniques, we generate a new exact solution which de- 
scribes a pair of rotating black holes on a Kaluza-Klein bubble as a vacuum solution in the five- 
dimensional Kaluza-Klein theory. We also investigate the properties of this solution. Two black 
holes with topology S"^ are rotating along the same direction and the bubble plays a role in holding 



> 
o 

(N 

' two black holes. In static case, it coincides with the solution found by Elvang and Horowitz. 

o 
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I. INTRODUCTION 



Solitonic solution-generating methods are powerful tools to generate exact solutions of 
Einstein equations. They are mainly classified into two types. One is called Backlund 
transformation jl, 2|, which is basically the technique to generate a new solution of the Ernst 
equation. The other is the inverse scattering technique, which Belinski and Zakharov [s] 
developed as an another type of solution-generating technique. Both methods have produced 
vacuum solutions from a certain known vacuum solution and succeeded in generation of 
some four-dimensional exact solutions. The relation between these method was discussed in 
Ref. jj] for the four dimensions. 

Recently, these techniques have been used to generate five-dimensional black hole so- 
lutions. A new stationary and axisymmetric black ring solution with rotating two sphere 

techniques [7j to five dimensions. They also reproduced a black ring solution with 5*^- 
rotation by this method [s^ and constructed a black di-ring solution [9|. As to asymp- 
totically flat higher-dimensional black hole/ring solutions, some of solutions have been gen- 
erated by using the inverse scattering method. As an infinite number of static solutions of 
the five-dimensional vacuum Einstein equations with axial symmetry, the five- dimensional 
Schwarzschild solution and the static black ring solution were reproduced 1^, which gave 
the first example of the generation of a higher-dimensional asymptotically flat black hole 
solution by the inverse scattering method. The Myers-Perry solution with single and double 
angular momenta were regenerated from the Minkowski seed and an unphysical 

one ■ ' 



13|, respectively. The black ring solutions with S^-rotation 



ll| and S^-rotation [jj] 



were also generated by one of the authors. Furthermore, Pomerasky and Sen'kov seem to 
succeed in generation of a new black ring solution with two angular momentum compo- 
nents [l^ by the latter method. Elvang and Figueras also generated a black Saturn solution 
which describes a spherical black hole surrounded by a black ring [l^. 

However, from more realistic view point, we need not impose the asymptotic Minkowski 
spacetime toward the extra dimensions. In fact, higher dimensional black holes admit a 
variety of asymptotic structure. Kaluza-Klein black hole solutions have the spatial infinity 



with compact extra dimensions 



13, 



18|. Black hole solutions on the Eguchi-Hanson space 



have the spatial infinity of topologically various lens spaces 19|. The latter black hole 
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space-times have asymptotically and locally Minkowski structure. In spacetimes with such 
asymptotic structures, black holes themselves have the different structures from the one with 
the asymptotically Minkowski structure. For instance, the Kaluza-Klein black holes [3] 



and the black holes on the Eguchi-Hanson space [19|] admit the horizon of lens spaces in 
addition to S^. We expect that the solitonic methods also help us generate new black 
hole solutions which have asymptotic structures different from the Minkowski spacetime. 
Remarkably, as a vacuum solution in five-dimensional Kaluza-Klein theory, there is a static 
two black hole solution, which does not have even a conical singularity 20|] since a Kaluza- 
Klein bubble of nothing, which was first found by Witten 21|, plays a role in holding two 
black holes. In this article, we generate a new exact solution which describes a pair of 
rotating black holes on a Kaluza-Klein bubble by using the two different kinds of solution 
generating techniques whose relation was discussed in |22j. In the static case, our solution 
coincides with the solution found by Elvang and Horowitz [20^ . 

This article is organized as follows: In SecHIl we give a new solution generated by the 
solitonic methods. We introduce only the construction by the inverse scattering method in 
this section, while the other construction is briefly mentioned in Appendix |Al In Sec JIIIl we 
investigate the properties of the solution. In Sec JIVl we give the summary and discussion of 
this article. 



II. SOLUTIONS 



Following the techniques in the Ref 
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22 1, we construct a new Kaluza-Klein black 



hole solution. We consider the five- dimensional stationary and axisymmetric vacuum space- 
times which admit three commuting Killing vectors d/dt, d/dcf) and d/dip, where d/dt is 
a Killing vector field associated with time translation, d/dcf) and d/dip denote spacelike 
Killing vector fields with closed orbits. In such a space-time, the metric can be written in 
the canonical form as 

ds^ = gijdx^dx-' + /{dp^ + dz'^), (1) 

where the metric components Qij and the metric coefficient / are functions which depend on 
p and z only. The metric gij satisfies the supplementary condition det gij = —p^. We begin 
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with the following seed 



ds^ = - 



-dt 



-R,7ia + z -r]ia Rxa + z - Xa Rr^^a + Z -r]2(T 

where Rd is defined as Rd := a/p^ + (-2 — rf)^. The parameters ?7i,?72 and A satisfy the 
inequality ?7i<?72<^l<A<l and a > 0. Instead of solving the L-A pair for the seed 
metric ([2]), it is sufficient to consider the following metric form 



ds'^ = -dt^ + g2d(j? + g^dip"^ + f{dp^ + dz^), 



(3) 



where g2 and are given by 



92 



93 



{Rxa + z- X(r){Rr,2 + z-r]2cr 



+ z- ri2(j) {Rxa + z- Xa)' (i?^,^ + z- rjia^ 

Let us consider the conformal transformation of the two dimensional metric gAB (^j B = t 
and the rescaling of the T/^^/'-component in which the determinant detg is invariant 



(4) 



go = diag(-l, 5(2,5-3) - 

where fl is the tt-component of the seed 

R. 



9'o 



diag(-fi, ^52, ^53), 



I.e. 



n 



ri2cr 



+ z - ri2a 



Rri^a + z -r]ia 



(5) 



(6) 



Then, under this transformation, the three-dimensional metric coincides with the metric 



On the other hand, as discussed in [2^, under this transformation the physical metric of 
two-solitonic solution is transformed as 
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9AB 








^3 
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VtgAB 








^-^93 



(7) 



This is why we may perform the transformation ([5]) for the two-solitonic solution generated 
from the seed (I3l) in order to obtain the two-solitonic solution from the seed ([2]). The 
generating matrix ip^ for this seed metric ([3]) is computed as follows 



with 



^2 [A] 
^3 [A] 



7/>o[A] =diag(-l,^2[A],^3[A]) 



{Rr,,^ + z-r]ia + Xfip" - 2zX - A^) 

{Rr^^a + Z - ?72(T + X){Rxa + Z - Xa + X)' 

{Rxa + z - Xa + A)(i?^2fT + z - rj2a + A) 
+ z-rjia + A)2 



Then, the two-sohtonic solution is obtained as 

(phys) _ ^Gtt (phys) _ ^(P^ + IJ'll^2)Gtrj> (phys) _ ^G^^ 

where the functions Gtt, Gf^, G^^ and E are given by 

+^o?^"^o?^2/^?(p^ + /ii//2)^V'2[/^2]^ - m'^2^m'^^^g^nlnl{ni - (8) 
-2m[,i^m[,?mSm[,Jc/2^/'2[/^i]^/'2[/X2](p^ + pD(p^ + ^2)^1^2, 

C^,?!. = mii^^m[,i''ViP2(Pi - P2)V2[pi]^V'2[p2]^ + rriQ?mQ^'^gl{iii - /i2)V^ 

-mJ\^^mf,J^^2/^?V'2[/^i]^(p^ + /^i/^2)^ - m{,i^^mj2^^g2/^2V'2[/^2]^(p^ + /^i/^2)^ (9) 

+2m[,^i^m[,i^m[,2^m[,5c/2PiP2^2[p2]V'2[pi](p^ + P?)(p^ + ^2)^ 

Gt0 = mii^m[|i^^m[,2V2(pi -p2)V'2[)U2]V2[pi](p^ + P?) 

+"^ff^02 "^02^f2/^2(/^2 - //l)V'2[/il](p^ + lA) 

+m{,\^^mj)i^m[,2Vi(;U2 - Pi)V^2[pi] V2[p2](p^ + P2) 

+m£^mi2^ ^^2^1^2-02 [)U2] (p^ + P2) (Pi - P2) , (10) 



E = mii^^mE,?V2[pi] V2[p2]^(pi - P2)V^ + ^02 ^"^02 ^^2(Pl - P2)V^ 

mg^2^2[pi]^(p^ + PiP2)^ + m(f m(f,2^2[p2]^(p^ + PiP2)^ 
-2mS^mg^mj2^mJ5t/2V'2[pi]'02[p2](p^ + P?)(P^ + P2)- (H) 

Here, fii and /X2 are given by 

/xi(p,^) = Vp' + (z + a)2-(^ + a), /X2(p,z) = Vp' + (^-^)'-('^-^)- (12) 

We should note that this three-dimensional metric gf^J^^^ satisfies the supplementary con- 
dition det Qij = —p^. Next, let us consider the coordinate transformation of the physical 
metric such that 



t ^ t' — t — Ci0, — >■ 0' = 0, 
5 



(13) 



where Ci is a constant. Under this transformation, the physical metric becomes 

(phys) _ (phys) 

9u ~* 9tt — Qtt ! 

(phys) _ (phys) ^ ^(phys) /, 

(phys) ^ „ _ „{phys) _j_ 2Cig^'^^^^^ + C'^^Cp'iy*^) 



Here, we should note that the transformed metric also satisfies the supplementary condition 
detg = —p^. Though the metric seems to contain the four new parameters m^^^ ^ m^^^ , rrL~Q2 
and mm 1 it can be written only in term of the ratios 



^ ._ ^ ._ 2amg ^^^^ 

Using the parameters a and /?, we can write all components of the metric. The metric 
function f{p,z) takes the following form 



y ^'2^0-, — cr^^,r;icr / (7,r;20"^— a",Acr^^l(T,r)20-^^a',77ia'^^(T,r)20" (16) 

where C2 is an arbitrary constant, F^d is defied as Fed := -Rc-Rd + {z — c){z ~ d) + and 
the function Y is given by 

F = p^[-A(3 p\pli)2[pi]i^2[p2] + afl'2(/ii - P2f{p^ + Atl/^2)T 

+45'2/^i/U2(P^ + PiP2f{.i'2[P2] - al3i)2[pi]f- 

We comment that the constants a and (3 exactly coincides with the ones appeared in the 
Backlund transformation in Appendix |Al To assure that the metric asymptotically ap- 
proaches to A^'^'^ X 5*^, where the M.^'^ denotes the four-dimensional Minkowski spacetime 
and the S*^ is a Kaluza-Klein circle. The constants Ci and C2 are chosen as follows 

Ci = — — —, 62 = 7— — a + (J = 0, (17) 

1 + ap (1 + ap)^ 

to assure the regular behavior in the asymptotic region. To avoid a singular behavior of g^^ 
on the 0-axis, we also need to impose the following condition on (3 

In this article, we study the solution IHM and ( fT6l) satisfying the conditions (|T71) and (|T8l) . 
As mentioned later, to assure that the ADM mass is positive, we assume that the parameters 
rji, rj2 and A satisfy < 1, i.e. 

(l + r/i)2>-(l + A)(l + r72). (19) 
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III. PROPERTIES 

Next, we investigate the properties of the solution satisfying the conditions (fTTl) and (fTSll . 
In particular, we study the asymptotic structure, the geometry of two black hole horizons 
and a bubble and the static case. 



A. Asymptotic structure 

In order to investigate the asymptotic structure of the solution, let us introduce the 
coordinate (r, 9) defined as 

p = r sin 9, z = r cos 9, (20) 

where < < 27r and r is a four- dimensional radial coordinate in the neighborhood of the 
spatial infinity. For the large r oo, each component behaves as 

9u - -1 (21) 

2ff'/3(2i,i -n^-\-2- l3^(2rii - i,^ - A + 2)) siii^ 9 
" (T^TpSf-r . (23) 

,,,,(,_!n^A^l_:i|i^^). p4, 

-J^. (25) 

Hence, the leading order of the metric takes the form 

ds'^ ~ -dt^ + dr^ + r^{d9^ + sin^ 9d(f)'^) + #1 (26) 

Therefore, the space-time asymptotically has the structure of the direct product of the four- 
dimensional Minkowski space-time and S^. The at infinity is parameterized by ip and 
the size Aijj is given in IIII CI 
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B. Mass and angular momentums 



Next, we compute the total mass and the total angular momentum of the space-time. It 
should be noted that since the asymptotic structure is A4'^'^ x 5*^, the ADM mass and angular 
momentum are given by the surface integral over the spatial infinity with the topology of 
S^xS^. In order to compute these quantities, we introduce asymptotic Cartesian coordinates 
(x, y, z, tp), where x = p cos (p and y = p sin (p. Then, the ADM mass and angular momentums 
are given by 



Madm = / H^'^'^^dS,, (27) 



J"^ = — [ - x''H'"'^\a + H"^^" - H'^^^") dSj, (28) 

respectively. Here H^"^^^ is defined by 

^myfi .- -{h^^^r]'^P + y^Pri'"' - h^'^ri'^^' - ¥^'r]'"'), (29) 

where 

h/j,!/ '■= h^y — /i aVfj.i'i (^^) 

and ?7^jy is the five- dimensional flat metric. The Latin index j runs x, y, z and ip and the 
Greek indeces /x, z/, a and /3 label t,x,y,z and ip. Then, the ADM mass of the solution is 
computed as 

Madm = _ (^l) 

The nonzero component of the angular momentum becomes 



, j.y 2/3a^(2 - 2r/i + r/2 + A + + 2r^, - r^, - X)) 



It is should be noted that the ADM mass is non-negative when < 1. 



C. Black holes and bubble 



Here, for the solution, we consider the rod structure developed by Harmark 23|] and 
Emparan and Reall 



24S\ . The rod structure at p = is illustrated in FIGiH (i) The 

8 



finite timelike rod [771(7,772(7] and [Act, (7] denote the locations of black hole horizons. These 
timelike rods have directions vi — (l,Qi,0) and V2 — (1,J12,0), where Qi and mean 
angular velocities of the horizons. These are given by 



for 771 cr < z < 772(7 and 



ry ^ -m-m^-v2){i-x) + {i-vir) .... 

4[(1- 771)2 + /32(l-r72)(l-A)](7 ' ^ ' 

for Xa < z < a. Here, it should be noted that Qi and 1^2 have the same signature. Therefore, 
two black holes are rotating along the same direction, (ii) The finite spacelike rod [r]20', Xa] 
which corresponds to a Kaluza-Klein bubble has the direction v — (0, 0, 1). In order to avoid 
conical singularity for z G [772(7, Act] and p — 0, ip has the periodicity of 




(A-77i)(A- 772)(772 + l) / _ fa + 1)^(7/2-1) 2 



^ 2 fa + l)(fa-l)^' + (A + l)(//2-l)) / (A - //i)(A - //,)(//, + !) 

(77i-l)((77i + l)2 + (A + l)(772 + l))V ^72-1 • ^ ^ 

(iii) The semi-infinite space-like rods [—00,771(7] and [(x, 00] have the direction v = (0, 1,0). 
In order to avoid conical singularity, 4> has the periodicity of 

A(j) = 2%. (36) 

Here, we write the induced metrics of the event horizons and the bubble. For rjia < z < 
ri2(J, the induced metric on the surface with constant t becomes 

^ ^^\z' - ^')iz - ViCT){Xa -z){l-v, + P'jl + r,,)Y 

^^'^ ~ 7^a7' ^^^^ 



{ri2 - Vi){X - - Ifiz + (7) + /?2(1 + - z)]' + 4p'k) 

(1 - /32)2(^2 _ 1)2(^2 _ ^2)(^ _ r]ia){r]2a - z) 



(39) 
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(1, Qi,0) (1, Q2,0) 



t 



,(0,1,0) (0,1,0) 





(0, 0, 1) 



Vio mo -O XO O 

FIG. 1: Rod structure of rotating black holes on a Kaluza-Klein bubble. The finite timelike 
rods [?7i(T, 7/20"] and [Afi, o"] correspond to rotating black holes with angular velocities ili and 
respectively. The finite spacelike rod [r/20", Ac] denotes a Kaluza-Klein bubble, where Kaluza-Klein 
circles shrink to zero. 

where the function /c(p, z) is defined as 

k{p, z) := {z - r]iaY{r]2cr - z){\a - z). (40) 

Since the if) circles shrink to zero at z = 772c" and (j) circles shrink to zero at z = r/icr, the 
spatial cross section of this black hole horizon is topologically S'^ . The area of the event 
horizon is 



Ai = 167rV 



2 3(l+r^i)2(r/2-r^i)^/2(A-r^i) {X - r^,){^, + I) 



(i-vir V (^2-1) 

((1 - - (1 + A)(l - r^2))(l -v!-{i + x)ii + m) f 
((l + r/0^ + (l + A)(l+r^2))3 

For Xa < z < a, the induced metric takes the following form 

16a\a ~z){z + a){z - r]^cx){z - r/2a)[(-l + + /^'(-l + V2){-1 + A)]- 
(1 - /32)2[4a2(-l + r],)^{z - r]2a){z - Xa) + P^h] 



(41) 



(42) 



z ~ Xa 

g^^ = , (43) 

z - ri2a 



4a\r]i - l)\z - r]2a){z - Xa) + (3^h 



(1 - P^)\r,^ - l)2(r72 - 1)(A - l){z - via)iz - Xa)ia^ - z^) 



(44) 
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where the function h is given by 



h{p,z) - {z-r],af[{a-z){-l+r^,f-{ri2-l){\-l){z + a)f 



(45) 



Since the ip circles shrink to zero aX z = \a and circles shrink to zero aX z = a, the spatial 
cross section of this black hole horizon is also topologically S^. The area of this event horizon 
is 



A, = 32tV^ + "^^^'^ ^^ ~ ^^^^ ~ ^^^^^ ~ ^^^^^ + 



X 



(771 - 1)2(1 - 772) 
((1 - r^,f - (1 + A)(l - ,72))((1 - - Vl) - (1 - ^D^) 



((1 + 771)2 + (1 + A)(1 + 772))=^ 
For ri20' < z < Xa, the induced metric on the bubble can be written in the form 

4(1 - cP^iz - 7],a)iz - V2(T)ia^ - z^){z - \a) 



A(5'^(P{z - \a){z - riiay + {z - 772(1) (^ + a + (3^c{a - z)^ 
^{l-(3^cy{a^-z^){z-r)ia) 



(46) 



(47) 



^ a^(A - 77i)(A - 772)[(-l + 771)2(1 + 772) - i3\l + mn^l + 7^2)]^ . . 

{l-m-^ + Vm-l + vi){z-V2a){z-Xa) ' ^ ' 

where the function p is given by 



p{p, z) : = {z- r]2(j) 



{z + a + P^c{a - z)f + 



X 



{z - 772(7) 

(7 {z^-a) 

1-/32 ~ {z - 772(7) (Z + (7 + /32c((7 - Z))2 + 4/32d2(^ _ ^ct) (^ - T^^af 



with 



q{p,z) : 



2(7d(z - \a){z - 771(7)2(1 + /32c) 



(7 + Z 



cr — 2;\ / 0-2(1+7/1)2 (z — Act) (;2 — 7/1(7)^ 



z + a 



-(^- 772(7) ( 1 +^2^:— 1 ) ( X; '''' +d ''^ 7^^^^ .''^^^ ) , (50) 



l + r;2 



[z - 772(7) 



(49) 



(l+77i)2(-l + 772) , -I+V2 

C— : TTTT^ T, Ct = 



(51) 



,-1 + 7/1)2(1 + 7/2)' (-l + r/i)2" 

The circle vanishes for z E [772(7, Xa], p — 0, which means that there exists a Kaluza-Klein 
bubble in this region. Since the circle does not vanish at 2; = 772(7 and z — Xa, this bubble 
on the time slice is topologically a cyhnder 5"^ x R. Therefore, there exist a Kaluza-Klein 
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bubble between two rotating black holes with topology of S^. The proper distance between 
the two black holes is 



TTO" 



+ 1) + 1)(A - r^i)(A - ^2) ((1 - Vi? - (1 + A)(l - V2)) 



iVi - 1) 



{V2 - 1) 



((l + r^i)' + (l + A)(l + r^2))' 



(52) 



The Kaluza-Klein bubble is significant to keep the balance of two black holes and achieve 
the solution without any strut structures and singularities. This property resembles that of 
the solution given by Elvang and Horowitz 20|]. In next subsection, we will show that the 
solution coincides with it in static case. 



D. Static case 

Finally, let us consider the static case, which can be obtained by the choice of the pa- 
rameter A = — 1. Then, from Eq. f[T8|) we see that (3 vanishes. Let us define the parameters 
a, b and c as 

2 - A - ?72 A - ?72 X + ri2-2T]i 
a = a, b = -^—(^, c = a. (53) 

It should be noted that A = — 1 is equal to the condition cr = (a — b)/2. Furthermore, let us 
shift an origin of the 2;-coordinate such that z ^ z := z — {ri2 + A)/2. Then, we obtain the 
metric 

ds = -— -— T^—lT^dt + [Ra - [z - a)){R^c - [z + c))d(f) 

{Ra - [z- a)){R-b - {z + b)) 

^R-^^(£+&)^ 2 ya,-cyb,-b j Ya,bY.,,.. Ra-{Z- O) , , 

^Rb-{z-b) ^ 4RaR,R^,R_,\J Y,^^,Y,^_,R.,-{z + cy ^ ^' ^ ^ 

where the coordinate z in the definition o f Rd is replaced with z. This coincides with the 
solution obtained by Elvang and Horowitz [20|] , which describes non-rotating black holes on 
the Kaluza-Klein bubble. 



IV. SUMMARY AND DISCUSSION 



Using the solitonic solution generating methods, we generated a new exact solution which 
describes a pair of rotating black holes on a Kaluza-Klein bubble as a vacuum solution 
in the five-dimensional Kaluza-Klein theory. We also investigated the properties of this 
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solution, particularly, its asymptotic structure, the geometry of the black hole horizons 
and the Kaluza-Klein bubble and the limit of static case. The asymptotic structure is 
the bundle over the four-dimensional Minkowski space-time. Two black holes have the 
topological structure of and the bubble is topologically x R. The solution describes the 
physical situation such that two black holes have the angular velocity of the same direction 
and the bubble plays a role in holding two black holes. In the static case, it coincides with 
the solution found by Elvang and Horowitz. 

We comment on the impossibility of the arbitrarily close spinning black holes of this 
solution. The reason is the inevitability of the closed timelike curves around the z-a.xis for 
any f3 when we chose > —1 to realize ri2 = X. 

In this article, we concentrated on the black hole solution with a single angular momentum 
component. The investigation on the solution with two angular momentum components is 
enormously challenging. In general, the inverse scattering method can generate a solution 
with two angular momentum components. However, as discussed in Ref. jlll, [l^, such a 
solution generated from our seed would have singular behavior on an axis due to the issues on 
the normalization. In order to obtain a solution with two angular momentum components, 
we need change our seed into another seed which does not satisfy the condition detgij = —p^. 
We will give such a solution in our future article. 
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APPENDIX A: SOLUTION BY BACKLUND TRANSFORMATION 

In this appendix we briefly present the solution obtained by the Backlund transformation 
which was developed to apply the five dimensional case j^. 

The metric of the solitonic solution can be written in the following form 

ds^ = e-^ [-e'^idt - ujd(t>f + e-^p\d(t>f + e^^"^ [dp" + dz^)] + e^'^{di;f. (Al) 
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The function T is derived from the seed metric ([2]) as 

T = Ux^- U,,., (A2) 

where the function Ud is defined as Ud := ^InlRd + {z — d)]. The other metric functions 
for the five-dimensional metric flAll) are obtained by using the formulas shown by [3], 

= e^'"|, (A3) 
^ = 2ae-^^°*^-Ci, (A4) 
= C2ix^ - l)-'Ae^^\ (A5) 

where Ci and C2 are constants and A, B and C are given by 

A := (x^ - 1)(1 + abf - (1 - - a)2 , (A6) 
5 := [{x + 1) + (x - l)a6]2 + [(1 + y)a + (1 - , (A7) 
C := (x^ - 1)(1 + ab)[{l - y)h - (1 + y)a] + (1 - ^a)\x + l-{x- l)ah] , (A8) 

and X and ?/ are the prolate-spheroidal coordinates: p = o\/ [x^ — 1)(1 — y^), 2; = oxy. Here 
the function 5'*^°'' is a seed function which can be derived from the seed metric ([2]) as 

= f/A. - 2f/^,^ + f/,,^. (A9) 

The functions a and 6, which are auxiliary potential to obtain the new Ernst potential for 
the seed by the transformation, are given by 

a = a = — , (AlO) 
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b = f3 : . (All) 

where the function Ud is defined as Ud '■= \ \Ti[Rd — {z — d)]. In addition the function 7' is 
obtained as 

(A12) 
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where 



icd = \Uc + \ua-\ HRcRd + {z-c){z-d)+ (A13) 



[1] B. K. Harrison, Phys. Rev. Lett. 41, 1197 (1978); 

Erratum-ibid. Phys. Rev. Lett. 41, 1835 (1978). 
[2] G. Neugebauer, J. Phys. A 13, L19 (1980). 

[3] V. A. Behnskii and V. E. Zakharov, Sov. Phys. JETP 50, 1 (1979); 
V. A. Behnskii and V. E. Zakharov, Sov. Phys. JETP 48, 985 (1978); 

V. A. Behnski and E. Verdaguer, Gravitational Solitons (CambridgeUniversity Press, Cam- 
bridge, England, 2001); 

H. Stephani, D. Kramer, M. MacCahum, C. Hoenselaers and E. Herh, Exact solutions of 
Einstein's Field Equations, 2nd ed. (Cambridge University Press, Cambridge, 2003). 



[4] 


C 


[5] 


R 


[6] 


T 




H 


[7] 


J. 


[8] 


H 


[9] 


H 


[10] 


T 


[11] 


S. 


[12] 


T 


[13] 


A 


[14] 


S. 


[15] 


A 


[16] 


H 


[17] 


H 


[18] 


H 


[19] 


H 



H. Iguchi and T. Mishima, arXiv:hep-th/0701043 



A. A. Pomeransky, R. A. Sen'kov, arXiv:hep-th/0612005 



H. Elvang and P. Figueras, arXiv:hep-th/0701035 



15 



[20] H. Elvang and G. T. Horowitz, Phys. Rev. D 67, 044015 (2003). 

[21] E. Witten, Nucl. Phys. B195, 481 (1982). 

[22] S. Tomizawa, H. Iguchi and T. Mishima, Phys. Rev. D 74,104004 (2006). 

[23] T.Harmark, Phys. Rev. D 70, 124002 (2004). 

[24] R. Emparan, H. S. Reall, Phys. Rev. D 65, 084025 (2002). 

[25] T. Koikawa, Prog. Theor. Phys. 114, 793 (2005). 



16 



